Abstract. We discuss the value distribution of quasimeromorphic mappings in R n with given behavior in a neighborhood of an essential singularity.
INTRODUCTION
In this paper we study some value distribution properties of K-quasimeromorphic mappings in R n , n ≥ 2, with an essential singularity at infinity and given asymptotic behavior. We also consider the mutual arrangement of a-points of K-quasimeromorphic mappings under certain conditions. In particular, we consider Yosida type quasimeromorphic mappings (cf. [12] ). This class of mappings was mentioned in [1, Lemma 1] , [6] , but as far as we know, no further study was carried out. We prove that n-periodic K-quasimeromorphic mappings [5] are Yosida mappings.
PRELIMINARIES.
In general, we follow the notation and terminology of [11] . The Euclidean distance is denoted by |x−y| for x, y ∈ R n , and the one-point compactification of R n is denoted by R n and, as usual, identified with the Riemann sphere S n ( 1 2 e n+1 , 1 2 ), [11, p. 4] . The chordal distance q(a, b) for a, b ∈ R n is defined by q(a, b) = |a − b| 1 + |a| 2 1 + |b| 2 , if a, b ∈ R n , and q(a, ∞) = 1 1 + |a| 2 .
Further let B p (a, r) = {x ∈ R n : |x − a| < r|a| 2−p }, where a ∈ R n \ {0}, p ≥ 1 and r > 0, and B 2 (a, r) = B(a, r).
NORMAL FAMILIES AND YOSIDA MAPPINGS.
Here normality of a family of mappings in a domain D ⊆ R n means uniform continuity of the family in the spherical metric q(., .) on compact subsets of D.
We consider the case of families of K-quasimeromorphic mappings in R n with essential singularity at infinity only.
A family F = {f } of K-quasimeromorphic mappings of a domain D ⊆ R n is called normal on D if every sequence {f n } ∈ F has a subsequence that converges uniformly on compact subsets of D with respect to the spherical metric q.
The criteria for normality of a family of K-quasimeromorphic mappings, proved by R. Miniowitz [6] , can be formulated for D ⊆ R n as follows
THEOREM.
A family F = {f } of K-quasimeromorphic mappings in a domain D in R n is normal if and only if for every compact subset G of D there exists a number M G such that
Then we can rewrite condition (1.4) in the form
A.Ostrowski [8] applied the technique of normal families of meromorphic functions for investigation of the value distribution of meromorphic functions f forming normal families {f (2 n z)} on C \ {0} (see also Montel's monograph [7] ). J.Heinonen -J.Rossi [3] and P.Järvi [4] generalized these results on the case of exceptional Kquasimeromorphic mappings in the sense of Julia and described these mappings in terms of cercles de remplissage.
K.Yosida [12] considered a classification of meromorphic functions on the complex plane C based on normality of a family of functions of the form {f (z +a)}, a ∈ C, on C. The paper [13] of L. Zalcman is a review of normal families of analytic functions.
We define a class of Yosida K-quasimeromorphic mappings in R n and describe the distribution of a-points for these mappings.
Definition.
A K-quasimeromorphic mapping f :
The next result follows from Theorem 1.3 with condition (1.5).
THEOREM.
A K-quasimeromorphic mapping f : R n → R n is a Yosida mapping in R n if and only if
Let n ≥ 2 and p > 1. A K-quasimeromorphic mapping f : R n → R n is called p-Yosida mapping if for every sequence of points {a n } in R n with lim n→∞ |a n | = ∞, the family of mappings {f (a n + |a n | 2−p x)} is normal in R n .
Let p > 1 and
Setting f a (x) = f (a + |a| 2−p x), for every fixed a ∈ R n \ {0} we have
By Theorem 1.3 with condition (1.5), we obtain that the condition
is equivalent to the normality of the family of mappings {f (a + |a| 2−p x)} in R n . Thus we have obtained more general result.
1.10. THEOREM. Let p > 1 and f be a K-quasimeromorphic mapping in R n . Then f is a p-Yosida mapping; that is, f satisfies (1.9), if and only if the family of mappings {f (a + |a| 2−p x)}, a ∈ R n \ {0}, is normal in R n .
Let {a n } be an arbitrary sequence of points in R n with lim n→∞ |a n | = ∞, and let f be a p-Yosida mapping in R n , p > 1. Without loss of generality we may suppose that the sequence of mappings {f (a n + |a n | 2−p x)} converges uniformly to a mapping g(x) on compact subsets of R n . Obviously, for every Yosida K-quasimeromorphic mapping f , non-constant limit mappings g of converging sequences of the form {f (x + a n )} are Yosida mappings.
1.11. THEOREM. Let p > 1 and let f be a p-Yosida mapping in R n . Then non-constant limit mappings of sequences of the form {f (a n + |a n | 2−p x)}, where lim n→∞ |a n | = ∞, are Yosida K-quasimeromorphic mappings.
Proof. Let e a = a |a| , a = 0, and f be a p-Yosida K-quasimeromorphic mapping in R n , p > 1. Then for every sequence of points {a n }, a n ∈ R n \ {0}, lim
the sequence of mappings {f (a n + |a n | 2−p x)} converges uniformly to a mapping g on compact subsets of R n , and for every fixed
Since p > 1 and x belongs to a compact subset G ⊂ R n , the last limit is bounded. The boundedness of Q g yields that g is a Yosida K-quasimeromorphic mapping.
1.12.
Remark. If p = 1 then we have the class of exceptional K-quasimeromorphic mappings in the sense of Julia (see [3] and [4] ). This kind of mappings form a normal family of mappings {f (r n x)} on R n \ {0} for any sequence of positive numbers {r n }, lim n→∞ r n = ∞.
2 Cercles de remplissage and M -sequences S. Rickman [10] proved that for every integer n ≥ 2 and each K ≥ 1 a non-constant K-quasimeromorphic mapping f in R n can have at most l(n, K) exceptional values where l(n, K) ≥ 2.
a M p -sequence for a non-constant K-quasimeromorphic mapping f in R n if for each subsequence {x m k } and each δ > 0 the mapping f takes all but possibly l = l(n, K)
For further investigation we should determine a weighted distance d p (X, Y ) between two sequences of points X = {x m } and Y = {y m } in R n \ {0}, where lim 
Since p ≥ 1 we see that
This inequality implies that 1 − |y
Thus we conclude that
For two sequences of points X and Y in R n \ {0} set Sufficiency. We take sequences of points {x
at the same time. Consider a family of mappings F = {f (x k + |x k | 2−p x)}. By our assumption the family F is not equicontinuous in the neighborhood of the origin. Therefore, for each r > 0 the family F is not normal in the ball B r = {x ∈ R n , |x| ≤ r} (see [11] ). By Theorem 4 [6] , the family F takes infinitely often all but possibly l(n, K) values from R n in the ball B r . Therefore the mapping f takes infinitely often all but possibly l(n, K) values from R n in the union of balls
Since the mentioned argument is valid for all r > 0 and each subsequence {x k } we can conclude that {x m } is a M p -sequence for f . Proof. The proof of necessity follows from the definition of µ p -sequence. Sufficiency. Let {x m } be a sequence that satisfies the conditions of the Lemma. Let r = 1 l where l = 1, 2, . . . . Consider the corresponding sets E j ( 1 l , m), l = 1, 2, . . . ; m = 1, 2, . . . , and j = 1, . . . , l(n, K). Then we obtain the sequence of numbers {N( ), we assume r m = 1 and L m = 1, i.e. the diameter of the sphere S n . Choosing the sequences {r m } and {L m } according to described scheme, we obtain that {x m } satisfies the definition of µ p -sequences of points for K-quasimeromorphic mappings.
2.8. LEMMA. Let p > 1. Then f is a p-Yosida K-quasimeromorphic mapping in R n if and only if f does not possess a M p -sequence.
Proof. Necessity. Let f be the p-Yosida mapping and {x m } be the M p -sequence of points for f . Consider the sequence of mappings {f (x m + |x m | 2−p x)} in {|x| ≤ r}. Since the sequence is normal in {|x| ≤ r}, without loss of generality we suppose that it converges on {|x| ≤ r}. There are two possible cases: either the limit mapping of the sequence is a constant (including infinity) or a non-constant mapping.
In the first case, one can take r sufficiently small and N sufficiently big such that the mappings f (x m + |x m | 2−p x) assume the values closed to the limit value in {|x| ≤ r} for all m ≥ N. In other words we can formulate this fact as following: f assumes the values closed to the limit value in each ball B p (x m , r)), m ≥ N, and therefore, the images f (B p (x m , r)) do not cover S n . Hence, {x m } cannot be a M p -sequence for f . Now we suppose that g is a non-constant K-quasimeromorphic limit mapping of the sequence {f (x m +|x m | 2−p x)} in {|x| ≤ r}. We choose r such that q(g(x), g(0)) ≤ 1/4 in {|x| ≤ r}. According to the Hurwitz theorem for quasimeromorphic mappings [6, Lemma 2], [9] , there is a number N such that q(f (x m + |x m | 2−p x), g(x)) ≤ 1/2 in {|x| ≤ r} for m ≥ N. The last implies that {x m } cannot be a M p -sequence for f .
Sufficiency. If f does not possess M p -sequences of points for f then for every sequence {x k } with lim k→∞ |x k | = ∞, and every δ > 0 we always can find a subsequence {x m } such that f assumes in to [6, Theorem 5] , the family {f (x k + |x k | 2−p x)} is normal in {|x| ≤ δ}. Since {x k } is an arbitrary sequence, f is a p-Yosida quasimeromorphic mapping.
Next lemma shows equivalence of the notions of µ p -sequences and M p -sequences for spatial K-quasimeromorphic mappings.
µ p -sequences of points for a K-quasimeromorphic mapping f in R n if and only if {x m } is a M p -sequence for f .
Proof. It follows from definitions 2.1 and 2.5 that each µ p -sequences of points for a K-quasimeromorphic mapping f is a M p -sequence for f .
To prove the converse statement we suppose that {x m } is a M p -sequence for f and it is not a µ p -sequence. Then there is a positive ε 0 for which Lemma 2.7 is not satisfied, i.e. there is a subsequence {x k } in R n such that for each k the set of values in R n not assumed by f in the ball B p (x k , ε 0 ) cannot be contained in l sets whose spherical diameters do not exceed r 0 . It implies that f omits l + 1 distinct values c 1,k , c 2,k , . . . , c l+1,k from R n in each ball B p (x k , ε 0 ) and
Consider the family of mappings {f (
does not take l + 1 values satisfying (2.10) in the ball B 0 , then by Theorem 5 [6] , the family {f k (x)} is normal in B 0 . But according to our assumption, {x m } is a M p -sequence for f and, consequently by Lemma 2.8, the family of mappings cannot be normal at the origin. That contradicts our assumption. Now we consider the main result of the paper: mutual arrangement of a-points for p-Yosida K-quasimeromorphic mappings in R n .
Proof. Necessity. Suppose that the limit value of (2.12) for sequences {a 1k } and {a 2m } is equal to 0. Then by Theorem 2.3, both sequences are M p -sequences for f and, consequently, f is not a p-Yosida mapping.
Sufficiency. Suppose that f is not a p-Yosida K-quasimeromorphic mapping in R n . Then there is a µ p -sequence of points {x m } for the mapping f . By the definition, there exists a number N such that from N onward every ball B p (x m , ε m ), lim m→∞ ε m = 0, contains the roots of at least two equations f (x) = A 1 and f (x) = A 2 , where A 1 , A 2 ∈ R n . We choose accordingly those A 1 -points and A 2 -points, that belong to B p (x m , ε m ) and denote them as {a 1m } and {a 2m }, resp. Then these points satisfy the conditions
and hence
The last contradicts the conditions of the theorem.
The result similar to Theorem 2.11 for p = 1; that is, Julia exceptional functions, was obtained by P.Järvi [4, Theorem 6 ].
Yosida quasimeromorphic mappings of the first order
Similar to K.Yosida [12] , we define Yosida K-quasimeromorphic mappings of the first order.
Definition.
A Yosida K-quasimeromorphic mapping f in R n is called Yosida K-quasimeromorphic mapping of the first order if for every sequence of points {x n } in R n with lim n→∞ |x n | = ∞, limit mappings of converging subsequences of {f (x+ x n )} on compact subsets of R n are not constants.
For every set E ⊂ R n , we denote by q(E) the spherical diameter of E.
3.2. THEOREM. Let f be a Yosida K-quasimeromorphic mapping.
(a) For every 0 < d < 1 there exists r > 0 such that
where C depends of r and f .
Proof. Condition (a) follows from the definition of Yosida K-quasimeromorphic mappings and Theorem 1.7.
To prove condition (b) we assume that there exist sequences of points {x k } in R n with lim k→∞ |x k | = ∞, and {a k } in R n , lim k→∞ |a k | = a, satisfying the condition
Without loss of generality, we assume that {f k (x)} is a converging sequence on compact subsets of R n , and by (3.3), the limit mapping F is non-constant. Since F is a discrete mapping we may choose R such that a / ∈ F (∂B(0, R)). The sequence {f k } converges uniformly to F in B(0, R) and therefore
Hence, by a property of the topological index [9, p.86] 
for large k. This contradicts our assumption. B(x, r) )) ≥ δ then f is a Yosida K-quasimeromorphic mapping of the first kind.
3.6. Example. n-periodic quasimeromorphic mappings are Yosida quasimeromorphic mappings of the first kind. Such mappings were studied by O. Martio and U. Srebro in [5] .
Recall that for a quasimeromorphic mapping f in B(0, R) and r < R ≤ ∞ the average counting function A f (r) is defined as
where
and m(y) is a Lebesgue measure in R n .
Furthermore, if f is a Yosida K-quasimeromorphic mapping of the first order then 
Proof of Theorem 3.7. If f is a Yosida K-quasimeromorphic mapping, then by Theorem 3.2 (a), for every 0 < d < 1 there exists ρ > 0 such that q(f (B(x, ρ))) ≤ d for every x ∈ R n and therefore A f (x, ρ) ≤ C < ∞. Let us consider the ball B(0, r) where r is sufficiently large, and Whitney decomposition W of B(0, r). That is, W is a union of dyadic essentially disjoint closed cubes Q k of the diameter ρ and centered at a k . Each cube Q k can be inscribed into the ball B(a k , ρ/2). Then B(0, r) ⊂ k B(a k , ρ/2) and therefore
To prove (3.8) we will use a similar method. We take the cubes Q k in the Whitney decomposition W such that each ball B(x, ρ) is inscribed into Q k . By Lemma 3.9, A f (x, r) ≥ δ > 0 for every x ∈ R n . Then Thus, A f (r) r n > 0 and (3.8) is proved.
Further remarks and questions
In this final part of the paper we make some remarks and pose some natural questions.
In [5] , O. Martio and U. Srebro (Theorem 7.4) proved that if f : R n → R n is an n-periodic K-quasimeromorphic mapping then
for all y ∈ R n , whereF f is a fundamental set for f .
It follows from Theorems 2.11 and 3.2 that mentioned result can be generalized on Yosida K-quasimeromorphic mappings. In other words, we can say: if f is a Yosida K-quasimeromorphic mapping then for every r > 0 sup a∈R n N(f, y, B(a, r)) < ∞ for all y ∈ R n .
It will interesting to prove the following conjectures. is the necessary and sufficient condition for f to be a Yosida K-quasimeromorphic mapping. In Theorem 3.7, we gave the estimation of the growth of A f (r) for Yosida quasimeromorphic mappings and Yosida K-quasimeromorphic mappings of the first order. Since Yosida mappings are characterized as mappings with uniform behavior in R n , it is a natural question to describe Yosida K-quasimeromorphic mappings in terms of uniform growth of A f (r) in R n .
